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It is well known in quantum mechanics that a large energy gap between a Hilbert subspace and the remaining
can suppress transitions from the quantum states inside the subspace to those outside due to additional couplings
that mix these states, and thus approximately lead to a constrained dynamics within the subspace. While this
statement has widely been used to approximate quantum dynamics in various contexts, a general and quantitative
justification stays lacking. Here we establish an observable-based error bound for such a constrained-dynamics
approximation in generic gapped quantum systems. This universal bound is a linear function of time that only
involves the energy gap and coupling strength, provided that the latter is much smaller than the former. We
demonstrate that either the intercept or the slope in the bound is asymptotically saturable by simple models. We
generalize the result to quantum many-body systems with local interactions, for which the coupling strength
diverges in the thermodynamic limit while the error is found to grow no faster than a power law td+1 in d
dimensions. Our work establishes a universal and rigorous result concerning nonequilibrium quantum dynamics.
Introduction.— Approximations appear ubiquitously in sci-
ence and their validity should be justified by error estimations
[1]. In quantum physics, where only a few systems are ex-
actly solvable [2], one of the most widely used approxima-
tions is based on the separation of energy scales or the ex-
istence of large energy gaps [3]. While an entire quantum
system can be very complicated, it can dramatically be sim-
plified by keeping only the degrees of freedom with relevant
energy scales. Technically, this is achieved by projecting the
full Hamiltonian onto a Hilbert subspace. Two prototypical
examples are approximating atoms as few-level systems in
quantum optics [4] and crystalline materials as few-band sys-
tems in condensed matter physics [5]. When we add a weak
coupling term such as external fields or interactions, it suffices
to consider the action restricted in the subspace, provided that
the manifold is energetically well-isolated from the remain-
ing. It is well-known from the perturbation theory that the
error is of the order of the inverse energy gap, and thus van-
ishes in the infinite gap limit [6].
The suppression of error by energy gap has tacitly been
used for approximating not only static quantum states but also
quantum dynamics [7]. For example, quench dynamics in the
Bose- and Fermi-Hubbard models are implemented by ultra-
cold atoms in deep optical lattices such that the projection
onto the ground-state band is a good approximation [8–11].
More recently, the peculiarly slow thermalization dynamics
observed in a strongly interacting Rydberg-atom chain is ac-
tively studied on the basis of the so-called PXP model, where
the constrained dynamics is within the Hilbert subspace with
adjacent Rydberg excitations forbidden [12, 13].
While the approximation of constrained dynamics from
large energy gaps has widely been used in the literature, a gen-
eral and quantitative justification stays lacking. Here, we fill
this gap by deriving a universal error bound for constrained
dynamics. This bound is simply a linear function of time
and depends only on the coupling strength and energy gap.
Our main strategy is a general perturbative analysis based on
the Schrieffer-Wolff transformation (SWT) [14], which is a
unitary transformation that block diagonalizes the perturbed
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FIG. 1. (a) Schematic illustration of the setup. The original Hamilto-
nian H0 has an isolated energy band onto which the projector is P ,
whose complement isQ = 1−P . A general coupling can be decom-
posed into V = VP + VQ + Voff , where VP ≡ PV P , VQ ≡ QV Q
and Voff ≡ PV Q + QV P . The arrow within P refers to a con-
strained dynamics. (b) Typical energy spectrum of H0 with an iso-
lated band `0. The energy gap is defined as ∆0 ≡ min{∆u,∆d}.
(c) Error dynamics (2) in a random model with ∆0 = 10‖V ‖. Dif-
ferent colors correspond to different realizations. The rectangle and
the arrow indicate the initial sudden jump and the subsequent linear
growth, respectively. Inset: Zoom in of the initial jump.
Hamiltonian and has been used to estimate the errors in equi-
librium setups [15]. We basically focus on bounded cou-
pling terms, but will also outline the many-body generaliza-
tion based on locality. In addition to the Lieb-Robinson bound
[16–18], the quantum speed limit [19–22], the bound on en-
ergy absorption for Floquet systems [23, 24] and the bound
on chaos [25], our work contributes yet another rigorous and
universal bound in nonequilibrium quantum dynamics.
Setup and numerical trials.— We consider a quantum sys-
tem with arbitrarily large Hilbert-space dimension described
by H0, which has an isolated energy band `0 separated from
the remaining by an energy gap ∆0 (see Fig. 1(b)). The pro-
jector onto the subspace spanned by all the eigenstates in `0 is
denoted as P (see Fig. 1(a)). With an additional perturbation
term V added to H0, the total Hamiltonian becomes
H = H0 + V. (1)
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2To quantify the deviation between the constrained dynamics
generated by the projected Hamiltonian HP ≡ PHP and the
actual dynamics starting from a state in `0, we define the error
with respect to an observable O as
(t) ≡ ‖P (eiHtOe−iHt − eiHP tOe−iHP t)P‖, (2)
where ‖ · ‖ denotes the operator norm, i.e., the largest singular
value. Without loss of generality, we assume O to be normal-
ized as ‖O‖ = 1. While only Hermitian observables are di-
rectly measurable in experiments, our result applies equally to
non-Hermitian operators. The maximal value of (t) overO is
actually the superoperator norm ‖P(eitadH−eitadHP )‖∞→∞
induced by the operator norm [26], where ‖L ‖∞→∞ ≡
max‖O‖=1 ‖LO‖,PO ≡ POP and adAO ≡ [A,O].
It is helpful to first form an intuition on the typical behav-
ior of (t). We carry out numerical simulations for a randomly
constructed system with three bands, each containing four lev-
els and separated from the others by a large gap. The observ-
able is also taken to be random, and `0 is chosen to be the mid-
dle band. As shown in Fig. 1(c), while the local fluctuations
in (t) differ significantly for different random realizations of
the system, there seems to be two universal features. First,
(t) initially undergoes a sudden “jump”. Precisely speaking,
the “jump” is a rapid growth within an O(∆−10 ) time interval
(see the inset in Fig. 1(c)). Second, (t) grows linearly de-
spite of irregular fluctuations. It is thus natural to conjecture
that (t) is bounded by a linear function of time.
Main result and its qualitative explanation.— The above
conjecture turns out to be indeed true. In the regime ∆0 
‖V ‖ and for an intermediately long time t ∆0‖V ‖2 (i.e., ‖V ‖t
is considered as order one), we claim the following universal
asymptotical bound:
(t) . 4‖V ‖
∆0
+
2‖V ‖2
∆0
t, (3)
where “.” means that there could be a tiny violation up to
O(‖V ‖2
∆20
). It is possible to derive a bound valid even when ∆0
is comparable with ‖V ‖, but the form is a bit involved and
exactly reproduces Eq. (3) in the large-gap regime [27].
Two more remarks on the applicability of Eq. (3) are in or-
der. First, the energy band can be embedded anywhere in the
energy spectrum of H0. It may consist of the ground states,
mid-gap states or even the most excited states. All these sit-
uations will later be exemplified. Second, we do not assume
any constraint on the width of the energy band. It can be zero
(e.g., for ground-state manifolds) or even larger than ∆0.
It is rather easy to understand the orders of the intercept
and the slope in Eq. (3). According to the standard per-
turbation theory [3], a state in `0 should basically lie in `,
the perturbed energy band in H , but also slightly contain
some components outside `. These components haveO(‖V ‖∆0 )
weights (amplitudes), and their rapid oscillations owing to
the dynamical phases e−itO(∆0) lead to the initial “jump” of
(t). Also, the effective Hamiltonian in the Green’s func-
tion (Fourier transform) of the projected unitary Pe−iHtP is
⌦
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FIG. 2. “Worst” models which realize the saturation of (a) the inter-
cept and (b) the slope in Eq. (3). (c) and (d) are the corresponding
error dynamics (green solid curves) of (a) and (b) given in Eqs. (4)
and (5) with ∆0 = 10Ω. The black dotted line indicates the intercept
and the red dashed lines are the asymptotic bound (3).
known to be Heff(ω) = HP + Σ(ω), where the self-energy
Σ(ω) = PV Q(ω −HQ)−1QV P is of the order of ‖V ‖
2
∆0
for
ω ∈ `0 [28–30]. However, it is unclear from the above argu-
ment why the factors before ‖V ‖∆0 and
‖V ‖2
∆0
should be 4 and 2.
It is even unclear why these factors can be finite, even though
there can be a huge number of levels in or/and outside `0.
“Worst” models.— Before deriving the main result, let us
comment on the tightness of the bound (3). We emphasize
that the bound is universally valid, so the tightness should be
analyzed for the “worst” models and observables instead of
the typical ones like the random model in Fig. 1. It turns out
that, separately, both of the constant and the time-linear terms
are tight and can asymptotically (in the large gap limit) be
saturated in very simple models.
We first demonstrate the saturation of the constant in a two-
level atom driven by a classical laser with detuning ∆0 and
Rabi frequency Ω (see Fig. 2(a)). In this case, H0 = ∆02 σ
z
and V = Ω2 σ
x so that ‖V ‖ = Ω2 , where σx = |e〉〈g|+ |g〉〈e|
and σz = |e〉〈e| − |g〉〈g| are the Pauli matrices. Choosing
P = 12 (1− σz) = |g〉〈g| to be the ground-state projector and
O = σx, we can easily calculate the error to be
(t) =
∆0Ω
∆2
|1− cos(∆t)|, (4)
where ∆ =
√
∆20 + Ω
2. This quantity rapidly reaches its
maximum 2Ω∆0∆2 at t =
pi
∆ , which asymptotically saturates
4‖V ‖
∆0
= 2Ω∆0 in the large ∆0 limit. The error dynamics stays
exactly the same for P = 12 (1 + σ
z) = |e〉〈e|.
We move on to demonstrate the saturation of the slope.
Here we should consider a situation with TrP > 1, oth-
erwise (t) never exceeds an O(‖V ‖∆0 ) constant even in the
long-time limit [27]. It turns out that a four-level system with
H0 =
∆0
2 (σ
z
1 +σ
z
2) and V =
Ω
2 σ
x
1 , which describes two iden-
tical two-level atoms with only one driven by a classical laser
(see Fig. 2(b)), already gives such a worst example. Choosing
3P = 12 (1−σz1σz2) (with TrP = 2) andO = 12 (σx1σx2 +σy1σy2 )
(σy ≡ i(|g〉〈e| − |e〉〈g|)), we have
(t) =
∣∣∣∣∣
[
cos
(
∆t
2
)
+ i
∆0
∆
sin
(
∆t
2
)]2
− ei∆0t
∣∣∣∣∣ , (5)
which is well approximated by |ei(∆−∆0)t − 1| ' Ω22∆0 t =
2‖V ‖2
∆0
t for t  ∆0‖V ‖2 = 4∆0Ω2 . We plot Eqs. (4) and (5) in
Figs. 2(c) and (d), respectively, where the asymptotic bound
(3) is also shown for comparison.
Derivation of the main result.— We turn to the derivation
of Eq. (3). The first step is to perform the SWT [14, 15]:
SHS† = H0 + Vdiag + V ′, (6)
where S = eT is unitary and the anti-Hermitian generator T
is determined from adT (H0 + Vdiag) = −Voff , with Vdiag ≡
PV P +QV Q and Voff ≡ V −Vdiag being the block-diagonal
and block-off-diagonal components of V , respectively. Since
H0 is block diagonalized while Voff is off-block diagonalized,
it follows that T can be restricted to be off-block diagonalized
to satisfy the following Sylvester equation [31]:
THQ −HPT = −PV Q. (7)
Provided that the spectra of HP and HQ are separated by a
gap ∆, ‖T‖ is rigorously upper bounded by [15, 32]
‖T‖ ≤ ‖PV Q‖
∆
. ‖V ‖
∆0
. (8)
We recall that “.” in Eq. (8) allows a tiny violation with
O(‖V ‖2
∆20
), and is validated by ∆ ≥ ∆0 − 2‖V ‖, a result en-
sured by Weyl’s perturbation theorem [33]. Accordingly, the
norm of the remaining term
V ′ =
∞∑
n=1
n
(n+ 1)!
adnTVoff (9)
in Eq. (6) should asymptotically be bounded by
‖V ′‖ . 1
2
‖[T, Voff ]‖ ≤ ‖T‖‖V ‖ . ‖V ‖
2
∆0
(10)
in the large gap regime. Here we have used the fact that ‖T‖
is small and ‖Voff‖ ≤ ‖V ‖ [27].
With the help of the SWT, we can rewrite the error as
(t) = ‖P [SH1(t)†L(t)SOS†L(t)†SH1(t)−O]P‖, (11)
where H1 ≡ H0 + Vdiag, L(t) = e−iH1tei(H1+V ′)t
is the Loschmidt-echo operator [34] and SH1(t) =
e−iH1teT eiH1t = ee
−iH1tTeiH1t is the SWT in the interact-
ing picture. This rewritten form (11) has a crucial prop-
erty that the generators of S and SH1(t) both have small
norms (at most) of the order of ‖V ‖∆0 , and so is L(t) =−→
Tei
∫ t
0
dt′e−iH1t
′
V ′eiH1t
′
(
−→
T : time ordering) [35] for a time
scale of interest (i.e., ‖V ‖t is of order one). Applying the in-
equality ‖(∏α Uα)O(∏α Uα)† −O‖ ≤∑α ‖UαOU†α −O‖
for unitaries Uα’s [27] to Eq. (11), we obtain
(t) ≤ ‖SOS† −O‖+ ‖L(t)OL(t)† −O‖
+ ‖SH1(t)†OSH1(t)−O‖.
(12)
Using the inequality [27]
‖eTOe−T −O‖ ≤ ‖[T,O]‖ ≤ 2‖T‖ (13)
for all T = −T † (and ‖O‖ = 1), we can bound the first and
the third terms in Eq. (12) by 2‖T‖, and the second term by
‖L(t)OL(t)† −O‖ ≤
∫ t
0
dt′‖[e−iH1t′V ′eiH1t′ , O]‖
≤ 2‖V ′‖t.
(14)
Substituting these exact bounds in Eqs. (13) and (14) and
those asymptotic ones in Eqs. (8) and (10) into Eq. (12), we
obtain Eq. (3). Now it is clear that the constant in Eq. (3)
arises from the SWT and the time-evolved SWT, i.e., the first
and third terms on the rhs of Eq. (12), while the time-linear
term arises from the Loschmidt echo, i.e., the second term on
the rhs of Eq. (12).
Generalization to many-body systems.— We next focus
on quantum many-body systems defined on a general d-
dimensional lattice Λ, where each site is associated with a fi-
nite dimensional local Hilbert space. A particularly important
case is locally interacting systems, whose many-body Hamil-
tonians still take the form of Eq. (1) while both H0 and V
are a sum of Hermitian operators supported on finite regions,
whose norms are uniformly bounded. Formally, we can write
V =
∑
A⊆Λ VA with VA supported on a connected region A
and VA = 0 if its volume |A| exceeds a threshold. In con-
trast with the few-body systems, the error bound on the rhs
of Eq. (3) diverges in the thermodynamic limit. This is be-
cause ‖V ‖ grows linearly with respect to the system volume
|Λ| ∼ Ld, where L = lΛ is the diameter of the entire system.
However, by further assuming (i)H0 =
∑
j H0j is classical
and frustration-free in the sense that all the local operators
commute, i.e., [H0j , H0j′ ] = 0 for all j, j′ ∈ Λ, and all the
global ground states minimize local energies everywhere; (ii)
O = OX is a local observable supported onX with |X|, lX ∼
O(1), we can still derive a meaningful bound like
(t) ≤ ‖V ‖?
∆0
p(t), (15)
where ‖V ‖? ≡ maxj∈Λ
∑
A3j ‖VA‖ is the local interaction
strength, which is set to be O(1) by rescaling the time scale,
and p(t) is a polynomial of t with degree d + 1 and (at most)
order-one coefficients. This result implies that for a prescribed
precision , the constrained dynamics is a locally good ap-
proximation up to a time scale (at least) of O((∆0) 1d+1 ).
Let us outline the proof of Eq. (15), whose full details are
available in Ref. [27]. The general idea is to combine the local
4SWT [15, 36] and the Lieb-Robinson bound [16]. By local
we mean that the generator T is a sum of local operators. The
locality of T and OX allows us to modify Eq. (13) into [27]
‖eTOXe−T −OX‖ ≤ 2|X|‖T‖?. (16)
Similar to Eq. (8), ‖T‖? can be upper bounded by O(‖V ‖?∆0 ),
and so can the first term on the rhs of Eq. (12). As for
the third term, we note that ‖SH1(t)†OXSH1(t) − OX‖ =
‖e−TOH1X (t)eT − OH1X (t)‖ with OH1X (t) ≡ eiH1tOXe−iH1t
being the observable in the Heisenberg picture. While the sup-
port of OH1X (t) generally covers the entire lattice in a rigorous
sense, we can show from the Lieb-Robinson bound [16] that
the support volume is effectively of the order of (lX + 2vt)d
[27], where v is the Lieb-Robinson velocity. We emphasize
that v is essentially determined by V since H0 is by assump-
tion classical, i.e., consists of commutative local operators,
and thus almost does not contribute to the spreading of op-
erators [37]. This fact ensures the finiteness of v even in
the infinite-gap limit, where the usual Lieb-Robinson veloc-
ity [16] determined from H diverges.
Moreover, the locality of T in turn ensures the (quasi-
)locality of V ′ in Eq. (6), and we can show that ‖V ′‖? is
no more than O(‖V ‖2?∆0 ) in the large gap regime, just like
Eq. (10). Following the same argument used for bounding
‖SH1(t)†OXSH1(t) − OX‖, we can show that the order of
the integrand in Eq. (14) is no more than ‖V ′‖?(lX + 2vt′)d,
whose integral is a polynomial of twith degree d+1. Combin-
ing all the analyses above, we obtain Eq. (15) from Eq. (12).
To illustrate our findings, we consider the error dynamics in
the parent Hamiltonian of the PXP model [13]. As is graphi-
cally illustrated in Fig. 3(a), the Hamiltonian is given as
H0 =
∆0
4
L−1∑
j=1
(σzj + 1)(σ
z
j+1 + 1), V =
Ω
2
∑
j
σxj , (17)
where L is the system size. The constrained dynamics con-
cerns P =
∏
j
[
1− 14 (1 + σzj )(1 + σzj+1)
]
, which is a pro-
jector onto the Hilbert subspace with adjacent excitations for-
bidden. As shown in Fig. 3(b), (t) indeed grows like t2
rather than t after the “sudden” jump, implying that the power
bound td+1 presented in Eq. (15) is qualitatively tight. On
the other hand, we do not expect quantitative saturation of the
many-body bound due to the looseness of the Lieb-Robinson
bound [16]. We also argue that beyond the Lieb-Robinson
time t∗ ∼ L/v the error grows linearly. This is because
the correlation spreads throughout the system and hence the
bound based on the locality argument no longer holds.
Summary and outlook.— In summary, we have established
a universal and tight error bound (3) for constrained dynam-
ics in generic quantum systems with isolated energy bands.
By universal we mean that the bound is generally applica-
ble and only involves a minimal number of parameters (cou-
pling strength and energy gap). By tight we mean that it can
partially be saturated in some worst cases. The result has
been generalized to many-body systems by means of the Lieb-
Robinson bound. It is found that the error of a local observable
(a)
|gi
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FIG. 3. (a) An array of two-level atoms with interaction ∆0 between
adjacent excited states. Each atom is resonantly driven with an iden-
tical Rabi frequency Ω. (b) The quadratic growth of (t) concerning
the error dynamics of O = σyj=1 in the parent Hamiltonian of the
PXP model defined by Eq. (17) with log10 ∆0 = 1.0, 1.5, 2.0, 2.5.
The best fitting quadratic curves (grey dotted lines) are confirmed
to be more accurate than the linear ones, while the growth becomes
rather linear after the correlation spreads throughout the system at
Ωt ∼ 12. The Rabi frequency is Ω = 2 and the system size is
L = 12. Inset: Rescaled error ∆0(t), whose quasi-independence
on ∆0 is consistent with Eq. (15).
grows no faster than td+1, so many-body constrained dynam-
ics can stay locally good approximations.
The error bound can readily be generalized to open quan-
tum systems with decoherence-free subspaces [38, 39] subject
to coherent perturbations, as has been shown in Ref. [27]. The
obtained result is actually related to the quantum Zeno effect
[40–42]. Our work also raises many open questions such as
whether the intercept and the slope in Eq. (3) can simultane-
ously be saturated and whether it is possible to generalize to
open quantum many-body systems with an extensive number
of dark states [43, 44]. Other directions of future studies in-
clude the generalizations to higher-order SWTs [15, 27] and
long-range interacting systems [45–47].
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